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Abstract 

We study the general deformed conformal-Poincare (Galilean) symmetries con- 
CN| ' sistent with relativistic (nonrelativistic) canonical noncommutative spaces. In ei- 

ther case we obtain deformed generators, containing arbitrary free parameters, 
which close to yield new algebraic structures. We show that a particular choice 
of these parameters reproduces the undeformed algebra. The modified coproduct 
rules and the associated Hopf algebra are also obtained. Finally, we show that for 
the choice of parameters leading to the undeformed algebra, the deformations are 
represented by twist functions. [Journal reference: Phys. Rev. D 75 (2007) 045008] 



O 



*$. 

•£j ■ 1 Introduction 

In a series of papers Wess jl] and collaborators [21 El H] have discussed the deforma- 
tion of various symmetries on noncommutative spaces. The modified coproduct rule 
obtained for the Poincare generators is found to agree with an alternative quantum- 
group-theoretic derivation [El El E] based on the application of twist functions [8] . The 
extension of these ideas to field theory and possible implications for Noether symme- 
try are discussed in P, QUI EH] . An attempt to extend such notions to supersymmetry 
has been done in [121 EH HH HE] • Recently, the deformed Poincare generators for Lie- 
algebraic (rather than a constant 9) [H] and Snyder [T7j noncommutativity [IS] have 
also been analysed. 

In this paper we develop an algebraic method for analysing the deformed relativistic 
and nonrelativistic symmetries in noncommutative spaces with a constant noncommu- 
tativity parameter. By requiring the twin conditions of consistency with the noncom- 
mutative space and closure of the Lie algebra, we obtain deformed generators with 



arbitrary free parameters. For conformal-Poincare symmetries we show that a specific 
choice of these parameters yields the undeformed algebra, although the generators are 
still deformed. For the nonrelativistic (Schrodinger [191 EH El]) case two possibilities 
are discussed for introducing the free parameters. In one of these there is no choice of 
the parameters that yields the undeformed algebra. 

A differential-operator realisation of the deformed generators is given in the coordi- 
nate and momentum representations. The various expressions naturally contain the free 
parameters. For the particular choice of these parameters that yields the undeformed 
algebra, the deformations in the generators drop out completely in the momentum rep- 
resentation. 

The modified comultiplication rules (in the coordinate representation) and the asso- 
ciated Hopf algebra are calculated. For the choice of parameters that leads to the un- 
deformed algebra these rules agree with those obtained by an application of the abelian 
twist function on the primitive comultiplication rule. (For the conformal-Poincare case 
this computation of modified coproduct rules using the twist function already exists in 
the literature [SI El El E], but a similar analysis for the nonrelativistic symmetries is new 
and presented here.) For other choices of the free parameters the deformations cannot 
be represented by twist functions. The possibility that there can be such deformations 
also arises in the context of K-deformed symmetries [22] . 

2 Deformed conformal-Poincare algebra 

Here we analyse the deformations in the full conformal-Poincare generators compatible 
with a canonical (constant) noncommutative spacetime. We find that there exists a one- 
parameter class of deformed special conformal generators that yields a closed algebra 
whose structure is completely new. A particular value of the parameter leads to the 
undeformed algebra. 

We begin by presenting an algebraic approach whereby compatibility is achieved 
with noncommutative spacetime by the various Poincare generators. This spacetime is 
characterised by the algebra 

[x»,3r] = 10"", [p M ,pJ = 0, [Sf,p v ] = i#V (1) 

It follows that, for any spacetime transformation, 

[62? , x u ] + [x", 5x u ] = (2) 

for constant 9. Translations, 6x^ = a M , with constant a M , are obviously compatible with 
(J2J). The generator of the transformation consistent with Sx^ = ia <T [Pa,x ,J '] is V^ = p M . 
For a Lorentz transformation, 8x^ = uj^ u x V) u^ = —u UfJ- , the requirement (J2J) implies 
uo^x9 Xu — uj v \6 X ^ = 0, which is not satisfied except for two dimensions. Therefore, in 
general, the usual Lorentz transformation is not consistent with (^. A deformation 
of the Lorentz transformation is therefore mandatory. We consider the minimal 0(6) 
deformation: 



Saf = u» v x v + n x uj\Q v ° Va + wSO^p,, + n-^J^p' 



where ni, n 2 and n 3 are coefficients to be determined by consistency arguments. Now 
the generator, 

where (pu) denotes the preceding terms with p and v interchanged, is consistent with 
5x^ = — (i/2)u} pa [J' pa ,x p ] for rii = n 2 + 1 = Ai, n 3 = — A2, a result which follows on 
using (CQ). It is therefore clear that n\ — n 2 — is not possible, which necessitates the 
modification of the transformation as well as the generator. It turns out that 

[J^,jt>°] = i [rfPJ™ - e" p {{2X 1 - \)ff + \ 2 p 2 v ua }} - {jwp°), 

with the notation Z" — (pvpa) = [Z" — (pu)) — (pa). The closure of the normal Lorentz 
algebra is obtained only for Ai = \ and A2 = [4J. 

Similarly, the usual scale transformation, 5x^ = ax' 1 , is not consistent with (J5J). A 
minimally deformed form of the transformation is 5x^ = ax Pj +an8 Pj ' / p u . The consistency, 
5x^ = i a\D,x^], is achieved only for n = 1 by T> = x p p p . Likewise, starting with 
the minimally deformed form of the special conformal transformation we find that the 
generator, 

fc p = 2x p x a p a - x 2 p p + r] 1 6 pa p a + rtf 1 * T x%p„ + J)$ afi x a hv P ( 3 ) 

is consistent with Sx 1 * = iu p [JC p , x^] for r\ 2 = r/3 = 0. 

This completes our demonstration of the compatibility of the various transformation 
laws with the basic noncommutative algebra. However, achieving consistency with the 
transformation and closure of the algebra are two different things. It turns out that the 
minimal 0(0) deformation, while preserving consistency, does not yield a closed algebra. 
Indeed we find that [K, P ,V] algebra does not close, necessitating the inclusion of 0(9 2 ) 
terms in the deformed transformation and the deformed generator. An appropriately 
deformed form, 

t p = [right-hand side of Eq. (J3J)] 

+ n^eoTvahv" + n^e^ff + vsO pa o« a p*P 2 , 

involves 6 free parameters. However, the closure of the [)C P , T>] algebra fixes 5 parameters, 
i] 2 = — 7/3 = — 4?74 = 1, 775 = i]q = 0, leaving only one, 771, as free. The final form of the 
deformed generators, 

% = p„, j^ = x»p + le^Paf - (H , v = xfpr, 

t p = 2x p x a p a - x 2 p p + T) X d pa p a + 6 pa x%p ff - e^x^^ - \6 af3 6 a a p a ppp p , 

involves one free parameter. The algebra satisfied by the generators is such that the 
Poincare sector remains unaffected changing only the conformal sector: 



[V, V p ] = iV", [V, J pu ] = 0, [&, V p \=2\ (ri Pf "D + J p ") , 

[JC p ,J pu ] = -\[t 1 ^K, u + (i + n l ){6 f " i V v - rfWV,,)] - (fiu), 
[t p ,V] = i[}C p -2(i+r ll )6 pp V,], 

[&,£»] = -2i(i+ Vl )(e pp v - e^j p a ) - ( P p). 



(5) 



A one-parameter class of closed algebras is found. Fixing r\\ = — i yields the usual 
(undeformed) Lie algebra. In that case the deformed special conformal generator also 
agrees with the result given in [15] . 

The relations in ([1]) are easily reproduced by representing 

d 
x M = a^, p IJ , = -id li = -i- 



In this coordinate representation, the generators read 

V ll = - ify, J^ = ~ ix»d u - \Q pa d a d v - (fiu), V = - iiV^, 

fc p = -2ix p x ff d ff + ix 2 d p - lri^dv - 9 pa x p dpd a + 6 ffp x ff dpd p ( 6 ) 

One may also choose the momentum representation, 

P» = P M > ^ = i8" - V<^ = i J- - V^„, 

which gives 

/C" = p p & - 2p a f5 p & - 2Nd p + ( Vl + i)6 pa p a , 

where N = £ M M is the number of spacetime dimensions. For rji = — i , when the 
generators satisfy the undeformed algebra, the deformation in K, p drops out and all 
the generators in momentum representation have exactly the same structure as in the 
commutative description. 

The deformed generators lead to new comultiplication rules. The coproduct rules 
for the Poincare sector were earlier derived in [U HI El E] and for the conformal sector in 
[7J [T3] . The free parameter appearing in K p does not appear explicitly in the coproduct 
A(/C p ). Computing the basic Hopf algebra, it turns out that the Hopf algebra can be 
read off from ([5]) by just replacing the generators by the coproducts. For example, 

[A(£ P ),A(D)] = i[A(fc)-2{i+rn)e ( " t A{V ll )]. 

3 Deformed Schrodinger and conformal- Galilean al- 
gebras 

Now we consider separately the Schrodinger symmetry and the conformal- Galilean sym- 
metry, both of which are extensions of the Galilean symmetry. 

The standard Schrodinger algebra is given by extending the Galilean algebra, which 
involves Hamiltonian (7i), translations {V), rotations (J 1 ^) and boosts (<?*), with the 



algebra of dilatation (T>) and expansion or special conformal transformation (X) . The 
standard free-particle representation of this algebra is given by 
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1 

2m 



P 



v l = v \ J 1 - 



V = pV p 2 

m 



2 V m 



x 1 ^ — x 3 p l 
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mx % — tp % 



Now we introduce noncommutativity in space: 
[x\ x j ] = ie ij , \p\p>\ = 0, [x\p>] = iS ij . 



Like the deformed conformal- Poincare case, we follow a two-step algebraic process. First, 
by requiring the compatibility of transformations with the noncommutative space, a 
general deformation of the generators is obtained. A definite structure emerges after 
demanding the closure of the algebra. The linear momentum and the Hamiltonian retain 
their original forms because the algebra of p l is identical to p l . For other generators we 
consider the minimal deformation. The final form of the generators, 
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V 1 = p\ 
tp l + \ 3 m9 ij p> : 

2 



jv = x y + W k p k f + ±A 2 ^'p 2 - (ij), 



v = p l x l 



m 



(7) 
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m 



-P 



+ —e^xy, 
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leads to a nonstandard closure of the algebra: 

[X\J U \ = i(8 ik J je -2e ik \ 2 mH8 je ) - (ijki), 



[Q\Q 3 ] = 
[Q\J 3k ] 

[j iJ ,V] : 
[j iJ ,1C\ : 



im 2 (l 



2A, 



5 ik & + m (| - A 3 ) {6 i3 V k + 5 tk 6 jm V m ) + m\ 2 6 jk V l - (jk) 



A\m\ 2 e ij n, [v,g l ] 
g i + (| - a 3 ) me ij v j ~ , 



^ + m(l-2A 3 



WD3 



V> 



(8) 
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(Qikjkj _ Qjkjki^ _ 2\ 2 me ij V 



[K, g 1 } = - im9 ij [(f - A 3 ) g j + (A 2 - A 3 + \) mW k V k 

[v, K] = -i[2K + —e i] j ij - \\ 2 m 2 e ij e ij n\ , 



the other brackets remaining unaltered. 

Some comments are in order. We have obtained the deformed Schrodinger algebra 
involving two parameters, X 2 and A3. For — > 0, the deformed algebra reduces to the 
undeformed one. A distinctive feature is that there is no choice of the free parameters 



for which the standard (undeformed) algebra can be reproduced. This is an obvious and 
important difference from the Poincare treatment. 

It is however possible to obtain an alternative deformation which, for a particular 
choice of parameters, yields the undeformed algebra. We notice that the brackets involv- 
ing all generators other than /C reduce to the standard ones by fixing A 2 = and A3 = |, 
although the generators are deformed. So we allow 0(6 2 ) terms in fC. Demanding the 
closure of [H,JC] and [Z?, /C] brackets yields 0(# 2 )-deformed /C: 



ir m 



x - —p] + x 6 m0 ij x i p' + m(l-^-) e l] e ]k p i p k . 



(9) 



The brackets involving this K, turn out to be 

[H,K] = -iV, [t,P] = i [& + (A 6 - X 3 )me ij V j ], 



[J ij ,t] 



A 6 ) m(9 ik J kj - 9 jk J ki ) - 2\ 2 m6 ij f> 



[)C, g 1 } = - im9 ij [ (1 - A 3 - A 6 ) & + (A 2 - A 3 + |) m9 jk V h 
[V, t] = i [-2/C + (| - A 6 ) m6 ij (2\ 2 m6 i W - J ij ) 



(10) 



which give us another deformed Schrodinger algebra involving three parameters, A2, A3 
and A6- It is easily seen from (fTUl) that the particular choice of parameters, A2 = and 



A3 = A6 = |, reproduces the standard algebra. This agrees with [23]. Now onwards we 
shall restrict to /C given by @ whenever expansions are considered. 
In the coordinate representation, 



V 



-ix i d i + — V 2 - iN', 
m 



m 



t 



K, = —x 2 V + itx l d l + i 

2 2m 



tN' 



i\«m9 Z3 x l &> 



1 A, 

m\ 

2 



— I 9 l3 9 3 d l d 



where N' = 5 U is the number of space dimensions. The momentum representation 
of T> is T> = ip*9 J — tp 2 /m. The representation for /C involves a deformation which, 
expectedly, drops out for A 6 = | that corresponds to the standard algebra. 

The comultiplication rules, using the coordinate representation, turn out to be 



A(H) =H®1 + 1®H + —V 1 <g> V\ 

m 

A(V l ) =P®1 + 1®V\ 

A(J i3 ) = I [j*i ®l + l® jV + 6 im (V j ®V m -V r 
+ \ 2 9 ij fi m ®V m -(ij), 

A{g l ) = \ [g i ® 1 + 1 ® g i - t(v i ® 1 + 1 ® p) 

+ m9 ij { (A 3 - \)P ® 1 + A 3 1 ® P }] , 

2t - ■ - • N' 

A(V) = £>®1 + 1®£> V l ®V l + i — 1® l + 9 lJ V l 

m 2 



&)] 



V 3 



(11) 
(12) 
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t(V i ®G i + g l ®P 


'")] 


- \e ij [tv { 


®v j 


+ (A 3 


- i)P ® g j + \ 3 g j <g> p*] 





- -e ij e ik (Ajj - A 3 + 1) p j <g> P fc . (16) 

Among the free parameters A2, A3 and A@ appearing in the definition of the deformed 
generators, only the first two occur in the expressions for the deformed coproducts. The 
parameter A6, which is present in /C, however, does not occur in A(/C). Expectedly, it 
turns out that the Hopf algebra can be directly read off from the algebra (Eqs. (JED, etc.) 
by just replacing the generators by the coproducts. 

There is an alternative method, based on quantum-group-theoretic arguments, of 
computing the coproducts [HI El E]- This is obtained for the particular case when the 
deformed generators satisfy the undeformed algebra. In our analysis it corresponds to 
the choice A2 = 0, A3 = A6 = \. The essential ingredient is the application of the abelian 
twist function, 

as a similarity transformation on the primitive coproduct rule to abstract the deformed 
rule. After some calculations it can be shown that the deformed coproduct rule f fT4l) . 
for example, for the specific values of the free parameters already stated, is obtained by 
identifying 



A(Q i )= [jfa^.f- 1 ] 



gi^gi^-pj^pj' 



The coproducts for other generators can similarly be obtained from the same twist 
element. 

Strictly speaking, the algebra obtained by enlarging the Galilean algebra by including 
dilatations and expansions is not a conformal algebra since it does not inherit some 
basic characteristics like vanishing of the mass, equality of the number of translations 
and the special conformal transformations, etc. However, since it is a symmetry of the 
Schrodinger equation, this enlargement of the Galilean algebra is appropriately referred 
to as the Schrodinger algebra. It is possible to discuss the conformal extension of the 
Galilean algebra by means of a nonrelativistic contraction of the relativistic conformal- 
Poincare algebra. Recently this was discussed for the particular case of three dimensions 
|24j . This algebra is different from the Schrodinger algebra discussed earlier. We scale 
the generators and the noncommutativity parameter as 



V 



V, t p = (/C°,/C) = (c/C,c 2 /o), 7> = (v^P) = (n/c,v 

j*» = (j°\ &*) = (cG\ j ij ) , 0"" = {f\ e ij ) = (0, c 2 ^') , 



(17) 



where c is the velocity of light. We use this scaling in (jSJ) and take the limit c —>■ 00. 
Finally we redefine to choose the same symbols for the nonrelativistic case (t> — > T>, 



18) 



etc.). Then we get the deformed algebra 

[V,H] = iH, [V,P] = iV\ [V,J ij ] = 0, [!>,&] = 0, 
[JC,n] =2ir] 00 V, [JC,V i ]=2ig i , [K,T>] = iK, [£,£]= 0, 

[K,Gi] =-ir/°°[/C l -(i+r ?1 )^], [K,fc] =2i(i+r h )e ij g j , 

[t, j ij ] = o, [t\ n] = -2ig\ [/c, P] = o, [t\ g j ] = o, 

[t\ Ji k ] = - i [rf /C fc + (i+m) {0 ij V k - r] ij 9 M V e )] - (jk), 
[JC\V] = i[K*-2{i+r h )0 ij V j ] i 

which also contains a free parameter. Restricting to three dimensions and the specific 
choice 771 = — i reproduces the results obtained recently in |24j . 

4 Conclusions 

We have analysed the deformed conformal-Poincare, Schrodinger and conformal-Galilean 
symmetries compatible with the canonical (constant) noncommutative spacetime and 
found new algebraic structures. 

For the conformal-Poincare case we found a one-parameter class of deformed special 
conformal generators that yielded a closed algebra whose structure was completely new. 
Fixing the arbitrary parameter reproduced the usual (undeformed) Lie algebra. 

Next we considered the Schrodinger symmetry. Here we obtained the deformed 
Schrodinger algebra involving two parameters. The closure of this algebra yielded new 
structures. The generators involved 0(8) deformations. For 9 —>■ 0, the deformed al- 
gebra reduced to the undeformed one. However, a distinctive feature was that there 
was no choice of the free parameters for which the standard (undeformed) algebra could 
be reproduced. Exploring other possibilities, then we obtained an alternative deforma- 
tion which, for a particular choice of parameters, indeed reproduced the undeformed 
algebra. In this case the modified special conformal generator involved 0(6 2 ) terms. 
The deformed Schrodinger algebra now involved three parameters, a particular choice 
of which reproduced the standard algebra. 

Finally we discussed the conformal extension of the Galilean algebra by means of a 
nonrelativistic contraction of the relativistic conformal-Poincare algebra. This algebra is 
different from the Schrodinger algebra, both in the commutative and noncommutative 
descriptions. The present analysis can be extended to other (nonconstant) types of 
noncommutativity. Some results in this direction have already been provided for the 
Snyder space [18] . 
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